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Abstract
We present Monte Carlo simulation data about Holmium magnetic thin ﬁlm structures. As well known, this rare
earth shows, at transition temperature TN , a helical order in the bulk phase. In contrast with the collinear ferromagnetic
or antiferromagnetic thin ﬁlms, recent experimental works have proven that the transition temperature TN(n) (n being
the ﬁlm thickness) depends on n only by an empirical relation. In order to study the behavior of these ﬁlm structures,
we consider a Heisenberg model with easy-plane single ion anisotropy and seven coupling constant (J0 in the plane
and J1-J6 between plane of the Ho hcp structure), obtained by experimental neutron measurements.
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It is well known [1, 2] that in collinear magnetic systems, both ferromagnetic (FM) and antiferromagnetic (AFM),
the thickness dependence of the transition temperature of a ﬁlm is given by the asymptotic power law
TC(∞) − TC(n)
TC(∞) =
C0
nλ
, (1)
TC(∞) and TC(n) being the ordering temperature of the bulk system and of a ﬁlm with thickness n, respectively. C0 is
a constant, while λ is the shift exponent given by the inverse of the correlation length critical exponent ν .
On the contrary, a rather diﬀerent behavior is revealed by experiments in systems with a non collinear ordered
phase, as, e.g., in Cr, where at low temperatures an incommensurate spin density wave is present [3], or in helimagnet
Ho where an empirical relation
TN(∞) − TN(n)
TN(n)
∼ 1
(n − n0)λ′ (2)
is observed. The exponent λ′ has not an universal character and n0 is the thickness signaling the death of the ordered
phase. For Ho, Weschke et al. [4, 5], using X-ray and neutron diﬀraction obtained n0 = (10.8 ± 0.5) mono-layers
(ML) and λ′ = 0.7 ± 0.07.
We have investigated thin ﬁlms of Holmium classical Monte Carlo (CMC) simulations: preliminary results are
here presented.
Elemental Holmium has been characterized in detail both experimentally and theoretically and its structural and
magnetic properties are well known. In particular, the bulk crystal structures is known to be hexagonal close-packed
(hcp), and the magnetic properties are well described by an indirect exchange of the localized 4f moments by RKKY
interactions [6].
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Figure 1: Magnetic vectors proﬁle for each plane at T=10K for the ﬁlm with thickness n=9(a), 12(b), 16(c). The error bars are included in the
simulated points. Inset in (c): magnetization of the ﬁrst surface planes.
Moreover, on the ab crystallographic plane a ferromagnetic (FM) interaction is present that can be modeled as
nearest neighbor, while between sites of diﬀerent planes, i.e. along the c-axis, the experimental data show that
the RKKY interaction extends approximatively up to the sixth plane (see for example Ref.[7]). The crystal ﬁeld
introduce diﬀerent kind of anisotropies: in our discussion we will consider only the greatest one, which corresponds
to an easy-plane single ion anisotropy [8]. One of the most important magnetic feature of the bulk Ho is that at
TN  132K a magnetic helical order is observed along the c crystallographic axis, with an helical vector given by
S i
(
ri
)
=
(
S ⊥ cos
(
Qri
)
, S ⊥ sin
(
Qri
)
, S z
)
, where Q = (0, 0,Qz) is the helical pitch with aQz  π/6 (a is the distance
between nearest neighbor planes).
In order to study this system by CMC, we employed a classical Heisenberg model Hamiltonian with seven coupling
constants and a single ion easy-plane anisotropy:
H = −
N∑
i, j
Ji jσi · σ j + Dz
N∑
k=1
(
σzk
)2
(3)
where N = n × Lx × Ly (Lx and Ly are the lateral ﬁlm dimension), and σi is the classical unitary vector representing
the total angular momentum of Ho ions (i.e. σi = Ji/| Ji|). The coupling constants are deﬁned in Eq.(3) as Ji j =
1
2 | J|(| J| + 1)Ji j (with | Ji| = 8), and Ji j is taken from Ref. [7], while Dz is the easy plane anisotropy [8]. We
observe that neutron scattering experiments investigated dynamical properties only along the c-axis; a direct measure
of the in plane FM coupling constant is thus lacking, and only mean ﬁeld estimates are available which set it at
about 300μeV. This allows us to consider J0 as an almost free ﬁt parameter to be adjusted in order to ﬁx the correct
value of experimentally accessible quantities: MC simulations of bulk Holmium show that the experimental value of
TN 132K is obtained setting J0 400μeV.
Since we are working on ﬁlm structures free boundary conditions in the c-direction are obviously taken, while
usual periodic boundary conditions are used in the ab-planes.
One of the diﬃculties we meet in simulations is the long time required to reach thermodynamic equilibrium as a
consequence of the high coordination number (30) and the competitive nature of exchange interactions [9, 10, 11]. We
must resort to employ a good mix of Metropolis and over-relaxed [12, 13] moves in order to reach the goal. Usually,
one “Monte Carlo step” is composed by one Metropolis and four/ﬁve over-relaxed moves per particle, discarding up
to 5×104 Monte Carlo steps for equilibration, and repeating the simulation for each temperature at least three times.
Moreover close to TN(n) we applied the multi-histogram method [14, 15, 16].
A ﬁrst result, which we present in Fig. 1, is the magnetic vector (Mx,i,My,i) proﬁle for each plane i, for ﬁlm
thicknesses n = 9, 12, 16, and with Lx(Ly) = 80. These data are well below TN(n) (i.e. achieved at T=10K), in order
to understand the magnetic order that the system shows decreasing n. For thickness n = 16 (Fig. 1c) an ordered phase
is observed similar to helical bulk structure. The planes close to the surface show to have an angle between nearest
neighbor lower than that observed in bulk, an expected consequence of the increasing lack of some interactions on
one side as the surface is approached (see the inset of Fig 1c). A similar behavior is displayed for n = 12, Fig 1b.
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Figure 2: Structure factor vs. qz at T=10K along the c-direction for the ﬁlm thickness n=9(a), and 16(b), see text.
The scenario changes signiﬁcantly when the surface eﬀects become progressively stronger. For example we
address such issue at n = 9 (Fig. 1a), which is the thickness where the experimental data seem to exclude the presence
of an helix ordering. We have evaluated the Fourier transform of the correlation function (the structure factor) in
the c-direction of the ﬁlms: the comparison between n = 9 and n = 16 results is shown in Fig. 2. Fig. 2a clearly
correspond to a Fan-like structure, as the two components Sx(0, 0, qz) (dashed line) and Sy(0, 0, qz) (dot-dashed line),
respectively, of the total structure factor S(0, 0, qz) (solid line) are distinctly visible and diﬀerent. On the contrary, for
n = 16 (Fig. 2b) we have structure factors that follow an helical-like structure factor, with aQz = 0.503. So we can
roughly assume that for thickness ﬁlm n ≤ 9 it is not possible to have an helical order. Moreover these results seems
ultimately in agreement with the above cited experimental results.
Although the structure factor obtained by CMC now discussed could be able to discriminate between diﬀerent
kind of order in ﬁlms with competitive interaction, certainly it does not give an easy route in order to take out an order
parameter capable of achieve TN(n). Fortunately we have many other informations by our CMC. For example we are
able to know the critical temperature of each plane (see Ref.[17, 18]). At the same time the chirality [19], deﬁned on
this system as
κ =
1
3(n − 1)LxLy sin Qz
∑
il
(
σi,l × σi+1,l)z (4)
(where i labels the plane, while l is related to the spin of the plane), may become a good order parameter in order to
study the critical temperature for rare earth ﬁlm systems.
In Fig. 3 the susceptibility χκ vs. temperature for the chirality (Eq. (4)) is reported again for the thickness n = 16, as
obtained by multi-histogram technique by increasing the transverse lattice size Lx=Ly= 8,16,24,32,40,48. Analyzing
Fig. 3 we can approximatively extrapolate a critical temperature TN(16) = 118.7(5)K [9, 10, 11].
Finally, it is worthwhile to note that these ﬁlm systems have very interesting properties when the ﬁlm thickness is
comparable with the Ho helical pitch (n≈12 mono-layers [ML]). In fact, around the critical region some inner planes
are in a paramagnetic conﬁguration, while the other ones, close to the surfaces, appear to be in a quasi-FM ordered
state. Such a spin block phase can be better looked at by deﬁning the magnetization rotation angle between nearest
neighbor planes Δφl(T ) ≡ φl+1(T ) − φl(T ). In Fig. 4 we report again the thicknesses n = 12 (Fig. 4a) and n = 16
(Fig. 4b), respectively. In the ﬁrst case a spin block conﬁguration where the magnetization rotate of an angle Δφl ∼ 10◦
when moving from one spin layer to a neighbouring one within the same block is observed. On the contrary the case
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Figure 3: Susceptibility per spin of the chirality -Eq.(4)- for n = 16 increasing the lateral dimension Lx,y = 8, 16, 24, 32, 40, 48. All the simulations
are interpolated themselves by multi-histogram algorithm (solid lines for all Lx,y), The greatest ﬁnal relative errors is 0.2% for Lx,y = 48 at
maximum.
n = 16 has a more complex block structure, as discussed in Ref. [9]. We can explain the temperature behavior for
thicknesses n≈12 through the cartoon reported in Fig. 4c. In conclusion, we point out as the study of macroscopic
thermodynamic quantities, as the total energy, the order parameters, and their derivatives, conﬁrms the presence of
such a block phase as well [9, 10].
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